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Abstract The Lanczos Potential is a theoretical useful tool to find the conformal Weyl cur-
vature tensor C,p.s Of a given relativistic metric. In this paper we find the Lanczos potential
L, for the van Stockung vacuum gravitational field. Also, we show how the wave equation
can be combined with spinor methods in order to find this important three covariant index
tensor.
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1 Introduction

The first ideas about Lanczos potential came from 1949 [1]. Nevertheless, is until 1962
when Lanczos suggested that the self-dual part of the Riemann tensor behaves as an auxil-
iary potential [2]. Through the covariant derivative of Lanczos potential we can obtain the
conformal contribution C,,.s of the metric curvature. The Weyl tensor can be expressed
as first order equations in terms of the Lanczos tensor L, [3—06]. The task of generating
the spacetime Weyl tensor from a tensor potential is known as the Weyl-Lanczos problem
and the analogous process for the Riemann curvature tensor is called the Riemann-Lanczos
problem.

On the other hand, we have that the field equations of general relativity usually are written
as a tensorial equation, where the left side is the Einstein tensor

1
Ga, = Rap — ERgaba (1)
plus a multiple of the metric Ag,;, and the right side is a multiple of the stress tensor « 7},,
(where k = —8m G /c*). Then, the Einstein’s field equations are given as
Gab + )"gab =kTyp. (2)
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However, there is an alternative formulation of the same set of equations due to Jordan,
where this set is expressed as a first order tensorial differential equation in the conformal
Weyl tensor [7]. As we mentioned above, the Weyl tensor can be expressed like an ex-
pression in first derivative of the Lanczos tensor, then the field equations of Einstein are a
second order differential equation in the Lanczos potential formalism. The field equations
of Einstein’s general relativity are rewritten in Jordan form as follows

d
Cabc d = Jabm

J, R R ! R ! R @
abc — Nca;b — Nebia + g ;a8ch — 6 b8ca-
These set, are analogous to Maxwell’s equations from electrodynamics
Fly,=1J,. 4)

In general relativity the Weyl curvature tensor is very important into the development of
the theory, but this is not true with the Lanczos potential, in part because there is a conflict
about the non existence of the Lanczos potential in every Riemannian geometry [8]. This is
associated with the particular demonstration used by Lanczos in the derivation of the L.
potential [9]. This derivation use the variational principle to arrive at the Bianchi’s identities
and in the process, it employ some Lagrange multipliers. The potential L. is identified
with these multipliers and there is a general doubt about the generality of this result. In the
decade of 1980s Bampi and Caviglia [10] and Illge [11] shown a completely new proof
of the existence of L, in a Riemannian geometry, but this method do not show the way
to calculate the L,p. [12]. In this work we study the Lanczos Potential from the spinorial
perspective for a non rigidly rotating dust solution with cylindrical symmetry, specifically
the van Stockung metric [13-16].

The paper is organized as follows, in Sect. 2 we show some algebraic properties of Lanc-
zos potential, in Sect. 3 we study the method for the vacuum space-times. Section 4 is
devoted for the spinor formalism for the Lanczos-Weyl equation. In Sect. 5 the spin coeffi-
cients for van Stockung space-time are calculated. Later, in Sect. 6 we applied the method
of Novello and Velloso for the van Stockung dust solution. Finally, in Sect. 7 we show our
conclusions.

2 Algebraic Properties of Lanczos Potential

From the Lanczos Potential a Weyl Candidate Tensor W, could be derived from the iden-
tity

Wabea = Lavie;:a + Leataiot = *Lipje:ay = Leara:nys ®)

where * denotes the usual Hodge dual. Now, taking into account the development of the dual
part of the covariant derivative of Lanczos potential this could be written as

Wabcd = Labc;d - Labd:c + Lcdb;a - LL'da;b

+ Lay8be + Lvey8ad — Lac)&bd

2
- L(bd)gac + §L“r;s(gacgbd - gadgbc)v (6)
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where we have defined
Ly = Lard;r - Lurr;d- (7)

Initially, an arbitrary tensor of third order have 43 free components, but further we have to
impose the following 40 algebraic symmetries

Lape = —Lpac, ®
the four conditions (gauge algebraic conditions of Lanczos)
L, =0, ©))
and the dual four conditions
“Ly =0 (or Lape+ Lica + Lear =0), (10)

then, the initially Lanczos potential’s sixty four degrees of freedom are reduced to sixteen.
Further six differential Lanczos gauge conditions

L' =0. (11)

In fact, the Lanczos potential also solves a wave equation [13], the tensorial form of this
wave equation have proved to be very useful to find the Lanczos potential by an interest-
ing method due to Novello and Velloso [8, 17]. The complete form of the tensorial wave
equation for Lanczos potential is

|:]Lah(‘ + 2Rc"Lhcr - Rathcr - thLcar

1
- gacR”Lrhs + gbcRreras - ERLabc = Jabc- (12)

In a vacuum space-time, the wave equation for the Lanczos potential (12), is easily written
as

OLape =0, 13)

this form could be used to outline a possible solution of a non-vacuum space-time. For ex-
ample, the van Stockung metric is a good candidate for outline a possible Lanczos potential.
Further, we can fix integration constants through a set of differential equations that have to
satisfy the spinorial version of the Lanczos tensor, given by the relation:

g c..C, 1 ¢ C
Lay*=Laip ¢35 +Laip €5,

where €45 is the usual related spin-metric (in the Newman-Penrose convention) [18].

3 Method for the Vacuum Space-Times
If we have a space-time with a global Killing vector field £¢ [13], is sometimes possible to

generate a Lanczos Potential with the following method:
If £ is a non-null Killing vector that satisfies Killing equation

Eaib +Epia =0, (14)
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and also is a hypersurface orthogonal vector
&lape) =0,
then, is possible to take an unit vector u, of the group of motion, such that

W= Eoeeso o=l

Thus, the Killing equation (14) guaranties that u, is expansion-less and shear-free, i.e.
Uany B — u10)(8," — uPu,) =0,
because of the hypersurface orthogonality condition of £, we have
Ula:plte) =0, (15)
and then

Ugp = €dgUp, (16)

where we have defined the first curvature vector of the group of congruence (also called
and known as acceleration) to be a, = u,.,u®, which for all group of motions even those
not satisfying (15), is a gradient a, = (In(1/£)) ,. Then, a candidate of Lanczos potential is
given by

1
Lt(Jlb)c = (aaub - abua)uc - _e(aagbc - abgac)7 (17)

3

which satisfies (8), (9) and (10). In this way, verifying the Lanczos gauge (11) and the
condition of the Potential (6), we can fix completely our candidate as a full-fledged Lanczos
Potential. In the next section we will trace the spinorial analog of (6) to fix our candidate.

4 The Spinor Formalism for the Lanczos-Weyl Equation
In a spinor dyad
g0 =o?, ey =14, g4 = —tg, eaV) =04,
we can write the Weyl tensor in spinorial form as
Cabea = Vascp)eipcn + Y ipcipyEABECD.

Then, the spinorial form of the Weyl-Lanczos relation (6), is written as follows

Wagcp =2Lspcpp" (18)

With the aim of write this expression in terms of the spinorial coefficients, we should project
it, at some null basis. Thus we have

Yy byeyay = Yascoew e 60, ea)”s a9)

_ . R, A, B, C D
=2Lspci:n" @ € €0 E@"
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and developing terms, we find that

1
2

_ HE)
SVaon @ = Loyowewoe ™

H) ®
— 9Ly Yo o)

) (S (
— 7Lty iyas Yo o

H6) ‘
— & Ly o06) Y@ @)

0]

)(S) > ()
+ " Ly Y @i s (20)

where the spin-coefficients are defined as [18]:

Yaram'® =ea%

The Weyl scalar invariants are

Yo = ¥0)0)0)©0)>
W, = Yooma,

Wy = Yayamw-

And the corresponding Lanczos scalars

Lo = L0y
Lo = Loy
Ly = Loy0)0(i)»
Le = L)y

A A
»™ @ =—w "€ @

Vi =Yoo
W3 = W) 1y1y1)s 21

Ly = Lg)0)1)0)»
L3 = Luyaymo). (22)
Ls = L))y

L7 = Lyayayiy-

If we write (20) in the Newman-Penrose convention of spinorial coefficients, we have that

[19]

1
W0 =(=3+@+3p —)Lo+(D — 3¢ +&— )Ly —30L; +3cLs,

1
qul =(-4S+a+p—m)Li+(D+e—e—p)Ls+ulLo—20L, —mwLs+ 2k Lg,

1
2

1
E\IJZZ(—(S-FO_[—ﬂ—7'_[)L2+(D+g‘+8—,5)L6+2,LLL1—JL3—27TL5+KL7,

1 - = _
5‘1’2 =(-D'+y+y—Li+ @ —a+p—7)Ls+vLo—2tLy —ALs+2pLs,

W, = (=D — i +3y +7)Lo+ (8 —3a+ B —T)Ly —3tL; +3pLs,

(23)

“W3=(-D'—ji+y—y)La+ (8 +a+B—7T)Le+2vL; —tL; —2ALs+ pLs,

1

2

1

5 ¥ = (=8+8 =3 —7)Ly+ (D +3¢ + &~ )Ly +3uLy —3nLe,
1 ) _ o

SV = (D' =i =3y +P)Ls+ (3 + 30+ — D)Ly +3vLy — 3L,
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Now, we can introduce the null tetrad induced by the spin dyad as

laZOAOA, maZOALA,
) (24)
me = 1404, nt =44,
then the differential operators in (23) for an arbitrary scalar f are
Df = fog=0"0"fui=1"fu=D,
8f = foi = OA‘Af;AA =mf., =46f, (25)
§'f=fao= LAOAf;AA =mf,=3f,
D'f=fii= LA‘Af:AA =n'f.=D'f,
with the primed (") Penrose operator is defined as [18]:
(0" =i, " =io",
0hY = —ih, WAy = —iof.
and
“'=n", @)=,
(ma)/ — }’71“, (}’I_’la)/ — ma'
In terms of this null tetrad, the Weyl and Lanczos scalars can be rewritten as [19]
\IJ() = Ca;,cdlamblcmd, \1’1 = Ca;,cdlamblcnd,
Wy = Capealm"mn?, W3 = Cypeal®n®mn?, (26)
‘~I—’4 = Cubcdnﬁ“nhrﬁfnd.
and
Ly = Labclamhlca L= Lahclamhn_'lca
Ly = Lyyem®n®le, L3 = Lapem®nbm©,
2 ab , 3 abc b (27)
Ly = Lypl®m®m©, Ls = Lypl*m’n®,
L = Lop®n’me, Ly = Ly,mn®ne.

5 The Spin Coefficients for the van Stockung Space-Time

In this section we consider the van Stockung space-time which is a non rigidly rotating dust
solution with cylindrical symmetry given by [16]

ds? = e~ (dr? + dz?) + r?d6® — (dt + ar’d6)>. (28)
This solution is clearly for non-vacuum R, # 0. Nevertheless, we can outline an approach

to find a solution for the Lanczos Potential from a very slight modified method due to Nov-
ello and Velloso. As we will prove, we only have to find some constants in the functional
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form of the Lanczos Potential obtained from this method in the spinorial formulation. For
the van Stockung space-time we can construct a Newman-Penrose null tetrad as follows

e(o)a =4 = (07 0, _eg2r2/2’ 1),

1
e =n==(0,0,e" "2 1),

2
1 1
0(2)a =m¢ = —— <i6a2r2/2, -, O, —(1}"), (29)
+2 r
- 1 2.2 1
ez’ =m = —(—iea "2 -0, —ar),
© +£42 r

where the double sign of the radical ++4/2 is an indetermination to be solved. Then, we have
further determine this sign when we compute the Weyl scalars (36). The basis {e.,’} clearly
satisfies @ ®e, ‘e ¢ = g/, and the spinorial coefficients for this metric could be written
as follows

1 (azrz)
= iexpl — ),
232r )
1 a*r?
B= —iexp(—),
232r 2
_ 1. (a2r2)
y = 41aexp > )
1 (azr2
e=——iaexpl— ),
iaexp >
1 . ) <a2r2>
K =———ia“rex ,
2T
A =0,
| a’r? (30)
u:—?aexp(T),
1 2 (a2r2>
v=———iarexpl—|,
42 "\
1 ) (a2r2>
T =——iarexpl— |,
272 )
a’r?
p=—1aexp( > ),
o =0,
1 ) (a2r2>
T=——iarexpl — ).
22 )

These spinorial coefficients are useful to calculate the Lanczos spinorial scalars of expres-
sion (23). By computing also the Weyl scalars in the same relation, we can obtain a set of 8
differential equations for the 8 Lanczos spinorial scalar functions L, Ly, ..., L.

But finding a solution of the system (23) could be daunting in principle. Then, in Sect. 6,
we will use another more easy approach in order to find the spinorial scalars components of
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Lanczos potential. In this way we can test an ansatz for the unknown functions Lo, ..., L7,
later we substitute these in the system (23) and finally, we only fix some simple constants to
get it satisfied.

6 Application of the Novello and Velloso Method for the van Stockung Solution

The axial symmetric Killing vector for the van Stockung space-time (28) can be chosen as
£ =1(0,0,0,1), (taking into account the order of the coordinate system as follows: x¢ =
(t,r,0,7)), then we have &, = (0,0,0,e~%""), and £2 = £, = ¢=*"" = ¢ = 1. Also the
unit tangent vector for the group of motions (or the velocity vector) is

1 22
Ug = _Sa = (0, 07 01 e 4T /2)7
&
and the acceleration vector is

r 2
ag = Uy U = (Ova r, 0, 0)»

then Lanczos Potential’s candidate for the van Stockung space-time is given by its relevant
components (see (17) and remember the algebraic relation of skew-symmetry in the first two
indices)

1
Lig, =—Lb), = F@r @t 1,
10— g1
rte — tre — 3 ’
L) — M — 2 ot (1)
rzz T zrz_ga re ’
Lo o1 s
rot — Ort — 3 °
L(l) _ _L(l) _ l 2
rir = re = 361 r.
While the respective components of conformal Weyl tensor for the metric (28) are
L 2,2
CV@r@ = ga r (2+7a r ),
4
Crori = §a3r2’
1
Crzrz = _gazeﬂﬂﬂ,
1
Crirg = 5027
| (32)
C(—)z@z = _§a2r2(1 + 8a2r2)’
5
Cor = §a3r2,
1 2.2 4%
Coror = ga r-e ,
2
Cou = —502-
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From these relations we can compute the inner product indicated by (26) using (29) in order
to find the Weyl scalars candidates for the van Stockung space-time. These, could be written
as

1
\I/() :0, lI»’l :_Eclﬁa3rea2r2’

1 1
U, = —gczaze”‘z’z, s = —163«/§a3r6“2’2, (33)

v, =0, 01,627C3={E1
where we have to fix the constants ¢, ¢;, ¢c3 as 1 or —1, due to the indetermination of the
radical sign that appears in the expressions.

Similarly from (31), using (29) and (27) we can get the following Lanczos spinorial
scalars candidates

1
Lo= —Ekox/fiazre"z’z/z, L, =0,

1
L, = ﬁkz«/fiazreaz’z/z, L; =0,
(34
1
Ls= Ek5\/§ia2re“2’2/2, L,=0,

1
L, = —§k7\/§ia2re“2’2/2, Le¢=0,

where again, we have to fix the constants ko, k>, ks, k7 in order to determine which are the
final Lanczos spinorial scalars. This final task can be accomplished with the help of the
Weyl-Lanczos differential equations (23).

The differential operators in (23) for an arbitrary scalar function f of the coordinates
independent variables r, 6, z, t are

_ern® + o

Df =

’

dz 0t
1 2.,3f 1af
D’ — _pare/2_0 —
S = T
(35)
1 b 1 0 1 ad
o Ligend LWL

VG or T a0 A

5/f=_iiea2r2/2%+ ! %_La of

r .
/2 ar | Jaro0  J2 ot
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After the substitution of (35) in (23), we have the following system

0=

1
_ Z\/Eé'lll3r€azr2 —

1
—Zﬁc1a3re“2’2 =

2.2
__CzaZea r
6

2
__62a2€a r

1
—gﬁC3a3re“2’2 =
1 3 2.2
—g«/fcm ret’"” =

0=

1
Za4rze"2’2(—k0 + ks),
1
—Zﬁk0a3re“2"2,
1 3 22
Z«/Ea re®" (=2ky +ks),

1
ﬂazeaZrz (4]{2 + k2a2r2

+ 2ksa*r? — 3kya’r?),

1
ﬁLZZEEZr2 (4k5 + k5a2r2

+ 2kya*r? — 3koa’r?),
1 3 2.2
—gﬁkm re’",
1
gﬁa%eﬂzfz(—zh + ko),

1
Ea‘*rzeazf2 (k7 + k).

A solution to this system of equations is given by

c1 = ko, c

= —ko, c3 = ko,

ky = ko, ks = ko, k7 = ko,

(36)

(37

Now, if we fix the only one remaining constant &, to be —1, then we can fix all the constants
in (33) and (34). By doing this, we can see that the radical expressions in (33) and (34),
have been chosen with the negative root of the radical /2, in order to be consistent with the

differential spinorial expressions (23).

The Lanczos potential have spinorial scalars components given by

1
Ly= Eﬁiazre‘“2r2/2, L, =0,
1
L, = I 2ia2re“2’2/2, L;=0,
1
Ls = - 2ia2re“2’2/2, Ly=0,
1 . 2 2.2 2
L7:§\/§1a red 2, L¢=0,

with a set of Weyl scalars chosen as

Yy =0,
1

\112 — __a26a2r2’
3

v, =0.

@ Springer

1
Y, = 3 \/Ea3re”2r2 ,

1
\113 = Z\/Ea3rea2’2,

(38)
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The solution can be written in a more compact form: L, =0 withr =1,3,4,6 and Ly = —«,
L,=—-1/3, Ls =—1/3, L7 = —v, that is, L, can be written in terms of spin coefficients
[20, 21], given in (30). Thus, our task of finding the Lanczos potential for the dust solution
of van Stockung (28) has been done.

7 Concluding Remarks

We have found that the method of Novello and Velloso [8] described in Sect. 3, could be
used in conjunction with the set of equations (23) found by Ares de Parga et al. [19], and
that are the spinorial version of the primordial relation that keeps Lanczos potential with
the Weyl conformal curvature tensor given in (5). We have also seen, that fixing some con-
stants in an ansatzs found with the first method, the work of finding a solution to (23) is
simplified enormously. Then, we could appreciate the theoretical importance of Lanczos
potential in deriving the Weyl curvature tensor. As its electromagnetic counterpart A,, by
fixing until some tensor constant x,., the Lanczos potential can be written in general like
Ly = xLyb)C ~+ Xape- Therefore in theory, it is important to choose some gauge conditions
that fix this potential as can be stated by the algebraic (9) and differential (11) Lanczos gauge
conditions.
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